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We study the set of Cohen–Macaulay monomial ideals with a given radical. Among this
set of ideals are the so-called Cohen–Macaulay modifications. Not all Cohen–Macaulay
squarefree monomial ideals admit nontrivial Cohen–Macaulay modifications. It is shown
that if there exists one such modification, then there exist indeed infinitely many.
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0. Introduction
Let K be a field and S = K [x1, . . . , xn] be the polynomial ring in n variables over K , and let I be a squarefree Cohen–
Macaulay monomial ideal in S.
Let FI be the set of monomial ideals J ⊂ S with the property that the radical√J of J coincides with I . We are interested
in the set of monomial ideals J ∈ FI such that S/J is Cohen–Macaulay. There is a natural subset GI ⊂ FI . In order to describe
this set, we denote as usual the unique minimal system of monomial generators of I by G(I). Let G(I) = {u1, . . . , um}. Then
we call a monomial ideal J a modification of I , if G(J) = {v1, . . . , vm} and supp(vi) = supp(ui) for all i. Here the support
of a monomial u is the set supp(u) = {i| xi divides u}. Obviously, any modification of I belongs to FI , and we denote the
set of modifications of I by GI . A monomial ideal J is called a trivial modification of I , if there exist nonnegative integers
a1, . . . , an such that J is obtained from I by the substitution xi 7→ xaii for i = 1, . . . , n. If J is a trivial modification of I , then J
is Cohen–Macaulay, since J = ϕ(I)S where ϕ: S → S is the flat K -algebra homomorphism with ϕ(xi) = xaii for all i.
Thus the questions discussed in this paper can be specified as follows: For which squarefree Cohen–Macaulay monomial
ideals does there exist at least one nontrivial Cohen–Macaulay modification, or do exist infinitely many nontrivial Cohen–
Macaulay modifications, and for which Cohen–Macaulay monomial ideals I are all monomial ideals J ∈ GI or J ∈ FI Cohen–
Macaulay? Related questions have been studied in [4,1].
The last of these questions is answered in Section 1 where it is shown in Theorem 1.1 that all modifications of I are
Cohen–Macaulay (respectively unmixed), if and only if I is a complete intersection. On the other hand, all J ∈ FI are Cohen–
Macaulay if and only if I = (x1, . . . , xn), as can be easily seen.
In Section 2we show that the Stanley–Reisner ideal of the natural triangulation of the real projective plane has only trivial
Cohen–Macaulay modifications. The proof of this fact is based on Theorem 2.4 where it is shown that a squarefree Cohen–
Macaulay monomial ideal has a nontrivial Cohen–Macaulay modification if and only if it has infinitely many nontrivial
Cohen–Macaulay modifications, and that this property can be checked in a finite number of steps. For the proof of this
theorem we use partial polarization as well as a theorem of Takayama [5, Theorem 1] which allows us to compute local
cohomology of arbitrary monomial ideals in terms of simplicial cohomology of certain simplicial complexes. Theorem 2.4 is
used to show that the Stanley–Reisner ideal of the natural triangulation of the real projective plane has only trivial Cohen–
Macaulay modifications, but in contrast to complete intersections not all modifications are trivial.
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1. A characterization of monomial complete intersections
Let us first recall some basic terminology which will be used throughout the paper. A simplicial complex ∆ on [n] =
{1, . . . , n} is a collection of subsets of [n], with the property that {i} ∈ ∆ for all i, and if F ∈ ∆ then all subsets of F are also
in∆ (including the empty set). An element of∆ is called a face of∆. The maximal faces of∆ under inclusion are called the
facets of∆. We denote the simplicial complex∆with facets F1, . . . , Fq by
∆ = 〈F1, . . . , Fq〉
and we call F (∆) = {F1, . . . , Fq} the facet set of∆.
Let ∆ be a simplicial complex on [n] with facets F1, . . . , Fq. A vertex cover for ∆ is a subset A of [n], with the property
that Fi ∩ A 6= ∅ for each facet Fi. Aminimal vertex cover of∆ is a vertex cover, and no proper subset of A is a vertex cover. A
simplicial complex usually has many minimal vertex covers. A simplicial complex ∆ is unmixed if all of its minimal vertex
covers have the same cardinality.
For each subset F ⊂ [n]we set
xF =
∏
i∈F
xi.
The facet ideal of ∆ is the ideal I(∆) of S which is generated by the squarefree monomials xF with F ∈ F (∆). Thus if
∆ = 〈F1, . . . , Fq〉, then
I(∆) = (xF1 , . . . , xFq).
Let I be a squarefreemonomial ideal in S = K [x1, . . . , xn]. LetG(I) = {u1, . . . , um}.We consider the setGI of allmonomial
ideals J with G(J) = {v1, . . . , vm} and supp(vi) = supp(ui) for i = 1, . . . ,m. This set of monomial ideals is contained in the
set FI of all monomial ideals J whose radical
√
J coincides with I . Given an integer vector a = (a1, . . . , an)we letMa be the
set of monomials xb11 · · · xbnn in S with the property that bi ≤ ai for i = 1, . . . , n, and set
GaI = GI ∩Ma.
Then we have
GaI ⊂ GI ⊂ FI .
Let J ⊂ S be a graded ideal. We say that S/J (or J) is unmixed, if all associated prime ideals of S/J has the same height. In
particular, an unmixed ideal has no embedded prime ideals. In this section we want to prove the following
Theorem 1.1. Let I ⊂ S be a squarefree monomial ideal with G(I) = {u1, . . . , um}, and let a = (2, 2, . . . , 2). The following
conditions are equivalent:
(a) I is a complete intersection.
(b) S/J is Cohen–Macaulay for all J ∈ GI .
(c) S/J is unmixed for all J ∈ GI .
(d) S/J is Cohen–Macaulay for all J ∈ GaI .
(e) S/J is unmixed for all J ∈ GaI .
For the proof of the theorem we need the following simple lemmata as well as the marriage theorem.
First we recall the concept of polarization: Let I = (u1, . . . , um)with ui = xai11 · · · xainn .We fix a number iwith 1 ≤ i ≤ n,
introduce a new variable y, and set
vk = xak11 . . . xaki−1i y . . . xaknn
if aki > 1, and vk = uk otherwise. We call J = (v1, . . . , vm) the 1-step polarization of I with respect to the variable xi. The
element y− xi is regular on S[y]/J and (S[y]/J)/(y− xi)(S[y]/J) ∼= S/I; see [2, Lemma 4.2.16].
For a monomial u = xa11 . . . xann we define νj(u) = aj for j = 1, . . . , n. Let ti = max{νi(uj) : j = 1, . . . ,m}, and set
t =∑ni=1 ti−n. Then it is clear that if we apply t suitable 1-step polarizations, we end up with a squarefree monomial ideal
Ip, which is called the (complete) polarization of I . The resulting ideal of any number of 1-step polarizations is called a partial
polarization .
We shall also need the following rule: Suppose I = I1 ∩ I2 ∩ · · · ∩ Ir where each Ij is a monomial ideal, then
IpT = (Ip1T ∩ Ip2T ∩ · · · ∩ Ipr T ),
where T is the polynomial ring over K in the variables which are needed to polarize all the monomials involved.
Let I be a monomial ideal; see [6, Proposition 5.1.7] and [3, Proposition 2.3] for the following nice properties of
polarization,
I is Cohen–Macaulay ⇐⇒ Ip is Cohen–Macaulay
and height(I) = height(Ip). The same is true for any partial polarization of I .
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Lemma 1.2. Let∆ be a simplicial complex on the vertex set [n], and let C be a minimal vertex cover of∆. Then
(a) |C | ≤ |F (∆)|;
(b) |C | < |F (∆)|, if∆ is unmixed but not a complete intersection.
Proof. (a) For any subset D ⊂ [n]we let PD ⊂ S be the monomial prime ideal with G(PD) = {xi: i ∈ D}. Then D is a minimal
vertex cover of∆ if and only if PD is a minimal prime ideal of I(∆).
Let I be a graded ideal in S or an ideal in a Noetherian local ring. We denote by µ(I) the number of a minimal set of
generators of I . Then for the given minimal vertex cover C of∆we have
|F (∆)| = µ(I(∆)) ≥ µ(I(∆)SPC ) = µ(PC ) = |C |,
since I(∆)SPC = PCSPC , and this is the case because I(∆) =
⋂
C PC , where the intersection is taken over all minimal vertex
covers of∆.
(b) If∆ is unmixed, suppose all minimal vertex covers have cardinality r . Now (a) implies that
r ≤ |F (∆)|.
But if r = |F (∆)|, then I is a complete intersection, a contradiction. Hence r < |F (∆)|. 
If ∆ is a simplicial complex on the vertex set [n] and v ∈ [n], let ∆\{v} be the simplicial complex obtained from ∆ by
removing those facets from∆which contain v.
Lemma 1.3. Let C be a minimal vertex cover for∆ and v ∈ C then C\{v} is a minimal vertex cover for∆\{v}.
Proof. Suppose C\{v} is not a vertex cover of ∆\{v}, then there exist a facet F ∈ F (∆\{v}) such that F ∩ C\{v} = ∅. But
then C is not a vertex cover of∆, because F ∈ F (∆) and F ∩ C = ∅, since v 6∈ F . This is a contradiction.
Suppose C\{v} is not minimal. Then there exists a vertex cover D of∆\{v}with D ( C\{v} . As all facets of∆which are
not facets of∆\{v}, contain v as a vertex, it follows that D ∪ {v} is a vertex cover of∆with D ( C , a contradiction. 
A set of edges in a graph G is independent if no two of them have a vertex in common. A graph G is bipartite if its vertex
set V can be partitioned into disjoint subsets V1 and V2 such that every edge of G joins V1 with V2.
The following result is known as the marriage theorem; see for example [6, Proposition 6.1.4].
Proposition 1.4. Let G be a bipartite graph with vertex sets V1, V2 having m and n vertices respectively. If
|A| ≤ |N(A)|
for all A ⊂ V1, then there are m independent edges in G.
Now we are ready to prove our main theorem.
Proof of Theorem 1.1. (a)⇒ (b): Since I is a complete intersection, it follows that gcd(ui, uj) = 1 for all i 6= j. Hence if
v1, . . . , vm are monomials with supp(vi) = supp(ui) for i = 1, . . . ,m, then gcd(vi, vj) = 1 for all i 6= j, as well. Therefore
the monomial ideal J with G(J) = {v1, . . . , vm} is also a complete intersection, and hence S/J is Cohen–Macaulay for all
J ∈ GI .
The implications (b)⇒ (d) and (d)⇒ (e) are obvious.
(e)⇒ (a): Suppose that I is not a complete intersection. We have to find a J ∈ GaI such that S/J is not unmixed. Since I is
squarefree, there exists a simplicial complex∆ on [n] such that I = I(∆). As I ∈ GaI , our hypothesis implies that I unmixed,
and hence all minimal vertex covers of∆ have same cardinality, say r .
The following claim is the crucial step in our proof: r+1 pairwise different facets F1, . . . , Fr+1 ∈ F (∆) and r+1 pairwise
different vertices v1, . . . , vr+1 can be chosen such that vi ∈ Fi for all i = 1, . . . , r + 1.
In fact, after a suitable renumbering of the vertices, we may assume that
C = {1, . . . , r}
is a minimal vertex cover for∆. Let F (∆) = {F1, . . . , Fs}, and consider the bipartite graph Bwith the vertex set
V (B) = {1, . . . , r} ∪ {F1, . . . , Fs},
and {i, Fj} is an edge of B if and only if i ∈ Fj.
We shall now see that B satisfies the conditions of the marriage theorem. Let V ⊂ C and consider the neighbor set of V ,
N(V ) = {F ∈ F (∆) : F ∩ V 6= ∅}.
After a suitable renumbering of the elements of C , we may assume that V = {1, . . . , t}, where t ≤ r . Lemma 1.3 says that
C\{t + 1} is a minimal vertex cover for∆\{t + 1} and recursively
C\{t + 1, t + 2 . . . , r} = V
is a minimal vertex cover for
∆0 = ∆\{t + 1, t + 2, . . . , r}.
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By Lemma 1.2,
|V | ≤ |F (∆0)| ≤ |N(V )|.
Hence by the marriage theorem we have r independent edges in B, say
{{1, F1}, . . . , {r, Fr}}.
In order to complete the proof of our claim it remains to show that there exists a vertex v ∈ [n], v > r and a facet G of ∆
with G 6= Fi for i = 1, . . . , r and with v ∈ G.
Lemma 1.2 implies that F (∆) = {F1, . . . , Fm}withm > r . For the further discussions we have to distinguish two cases:
Case 1: There exists some Fi with i > r and Fi * C . In this case we choose t ∈ Fi \ C , and we may take {t, Fi} as (r + 1)th
pair.
Case 2: Fi ⊂ C for all i = r + 1, . . . ,m. We first notice that |Fi| > 1 for i = r + 1, . . . ,m. Indeed, if Fi = {j}, then j ∈ C
and hence j ∈ Fj, contradiction the fact that Fi 6= Fj and that Fj is a facet.
We have that
I(∆)SPC = PCSPC = (x1, . . . , xr)SPC .
Hence since Fi ⊂ C and |Fi| > 1 for all i = r + 1, . . . ,m, it follows that xFi ∈ (x1, . . . , xr)2SPC for i = r + 1, . . . ,m. This
implies that (x1, . . . , xr)SPC = (xF1 , . . . , xFr )SPC , and hence
Fi ∩ C = {i} for i = 1, . . . , r.
Now let j ∈ Fr+1; then j ∈ Fj because Fr+1 ⊂ C . If |Fj| = 1, then Fj is a proper subset of Fr+1, a contradiction because Fj is
a facet. Hence since |Fj| ≥ 2 and Fj ∩ C = {j}, there exists an element k ∈ Fj with k /∈ C . Then in the list {{1, F1}, . . . , {r, Fr}
we replace {j, Fj} by {k, Fj} and add the new list the pair {j, Fr+1}. This completes the proof of the claim.
After a suitable relabeling of the vertices we may assume that i ∈ Fi for i = 1, . . . , r + 1. Let J =
(x1xF1 , . . . , xr+1xFr+1 , xFr+2 , . . . , xFm). Then J ∈ GaI . After polarization, replacing the squares x2i in the generators of J by xiyi for
i = 1, . . . , r+1,we obtain the polarized ideal Jp in T == S[y1, . . . , yr ], namely Jp = (y1xF1 , . . . , yr+1xFr+1 , xFr+2 , . . . , xFm) =
(y1, . . . , yr+1)∩ IT . Thus we see that (y1, . . . , yr+1) is a minimal prime ideal of Jp. Since height Jp = height J = height I = r ,
it follows that Jp is not unmixed. Hence by [3, Proposition 2.3], also J not unmixed, a contradiction. 
We conclude this section with the trivial observation that the graded maximal ideal m = (x1, . . . , xn) of S is the only
squarefree monomial ideal I with the property that each monomial ideal with the same radical is Cohen–Macaulay. More
generally, if I ⊂ S is a graded radical ideal with the property that all graded ideals J ⊂ S with√J = I are Cohen–Macaulay,
then I must be m-primary. Indeed, for the ideal J = mI we have √J = I and m ∈ Ass(S/J). Thus if we assume that J is
Cohen–Macaulay, it follows that J , and hence also I , is m-primary. It follows that I = m because I is a radical ideal.
2. On the existence of nontrivial Cohen–Macaulay modifications of squarefree monomial ideals
In this section we use a theorem of Takayama [5, Theorem 1] to study Cohen–Macaulay modifications of squarefree
monomial ideal. Let us first recall the result of Takayama which describes the local cohomology of a ring with monomial
relations.
For a monomial u = xa11 . . . xann , we set supp u = {i | ai 6= 0}. Furthermore for any a ∈ Zn, we set Ga = {i | ai < 0}.
Let I ⊂ S be a monomial ideal, and let ∆ be the simplicial complex on the vertex set [n] with I∆ =
√
I . Now for any
a ∈ Zn, we define the simplicial complex∆a(I), whose faces are the sets F \ Ga with Ga ⊂ F and F ∈ ∆, and such that for all
u ∈ G(I) there exists j 6∈ F with νj(u) > aj ≥ 0. Notice that we may have∆a(I) = ∅ for some a ∈ Z.
With the notation introduced one has
Theorem 2.1 (Takayama). Let I ⊂ S = K [x1, . . . , xn] be a monomial ideal. Then the multi-graded Hilbert series of the local
cohomology modules of R = S/I with respect to the Zn-graded is given by
Hilb(H im(R), t) =
∑
F∈∆
∑
a
dimK H˜i−|F |−1(∆a(I); K)ta,
where ta = ta11 · · · tann . The second sum runs over a ∈ Zn such that Ga = F and aj ≤ ρj(I) − 1, j = 1, . . . , n, with
ρj(I) = max{νj(u) | u ∈ G(I)} for j = 1, . . . , n, and∆ is the simplicial complex corresponding to the Stanley–Reisner ideal
√
I .
Now consider the following construction: let I = (u1, . . . , um) be a squarefree Cohen–Macaulay monomial ideal in
S = K [x1, . . . , xn], and J = (v1, . . . , vm) a monomial ideal with supp(ui) = supp(vi) for all i = 1, . . . ,m such that
νj(vi) ≤ 2 for all j = 1, . . . , n. For j = 1, . . . , n let kj ≥ 0 be any integers, and set
wi =
n∏
j=1
νj(vi)=2
x
kj
j vi for i = 1, . . . ,m,
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and L = (w1, . . . , wm). Thus L is obtained from J by raising those variables xj to a power ≥2 in all monomial
generators of I where they appear as a square. For example, if we take I = (x1x2x3, x2x4x5, x1x4, x2x5x6) and J =
(x21x2x3, x
2
2x4x5, x1x
2
4, x
2
2x5x6), then L could be any of the ideals
L = (xa1x2x3, xb2x4x5, x1xc4, xb2x5x6),
where a, b, c are any integers ≥2. Notice that each variable which appears with a power ≥2 in some monomial generator
of L, then this variable appears with the same power in all other monomial generators of Lwhere its power is≥2.
With the notation introduced we have
Lemma 2.2. L is Cohen–Macaulay, if J is Cohen–Macaulay.
Proof. Let R′ = S/L. Then by Theorem 2.1 we have either H im(R′)a = 0 or H im(R′)a = H˜i−|Ga|−1(∆a(L); K), if Ga ∈ ∆ and
aj ≤ ρj(L)− 1, j = 1, . . . , n, with ρj(L) = max{νj(u)| u ∈ G(L)} for j = 1, . . . , n; otherwise H im(R′)a = 0.
To prove that L is Cohen–Macaulay we have to show that H im(R
′)a = 0 for all a ∈ Zn and i < d, where d is the dimension
of R′. If Ga 6∈ ∆, then H im(R′)a = 0 . Thus we may assume from now that Ga ∈ ∆.
Let R = S/J . Since by assumption R is Cohen–Macaulay, it follows that H im(R)b = 0 for all i < d and all b ∈ Zn.
We now will show that for any a ∈ Zn with aj ≤ ρj(L) − 1, j = 1, . . . , n, there exists a b ∈ Zn with bj ≤ ρj(J) − 1,
j = 1, . . . , n, such that Ga = Gb and∆a(L) = ∆b(J). Then for all i < d,
H im(R
′)a = H˜i−|Ga|−1(∆a(L); K) = H˜i−|Gb|−1(∆b(J); K) = H im(R)b = 0.
Suppose a ∈ Zn with aj ≤ ρj(L) − 1, j = 1, . . . , n. Take b ∈ Zn with bi = 1 if ai > 0, and bi = ai, otherwise. By
definition Ga = Gb. From the construction of L, it follows that if νj(vi) = 2 then νj(wi) = νj(vi) + kj, and if ρj(J) = 2 then
ρj(L) = ρj(J)+ kj, otherwise νj(vi) = νj(wi) and ρj(L) = ρj(J). Thus we see that bj ≤ ρj(J)− 1.
Let F \Ga ∈ ∆a(L); then F ∈ ∆ and Ga ⊂ F . Wewant to show that F \Gb ∈ ∆b(J). Since Ga = Gb it follows that Gb ⊂ F . Let
vi ∈ G(J). Since F \Ga ∈ ∆a(L), there exists j 6∈ F such that νj(wi) > aj ≥ 0. If νj(wi) ≥ 2, then νj(vi) = νj(wi)− kj > bj ≥ 0
because νj(vi) = 2 and 0 ≤ bj ≤ 1. Otherwise νj(wi) = νj(vi) and aj ≥ bj ≥ 0, which shows that we have again
νj(vi) > bj ≥ 0. Thus F \ Gb ∈ ∆b(J), and hence∆a(L) ⊂ ∆b(J).
Now let F \ Gb ∈ ∆b(J). Then for any vi ∈ G(J) there exists j /∈ F such that νj(vi) > bj ≥ 0. The number νj(vi) can be only
1 or 2. If νj(vi) = 1, then bj = 0, hence aj = 0. Therefore in this case we have νj(wi) = νj(vi) > aj = bj ≥ 0. If νj(vi) = 2,
then νj(wi) = νj(vi)+ kj = ρj(L) > ρj(L)− 1 ≥ aj ≥ bj ≥ 0. Thus F \ Gb ∈ ∆a(L), and hence∆b(J) ⊂ ∆a(L). 
Conversely, if L is Cohen–Macaulay, then the subsequent Lemma 2.3 implies that J is Cohen–Macaulay as well.
Lemma 2.3. Let L ⊂ S be a Cohen–Macaulay monomial ideal with G(L) = {u1, . . . , um}. Fix a number 1 ≤ j ≤ n and assume
for simplicity that νj(u1) ≤ νj(u2) ≤ · · · ≤ νj(um). Let 0 ≤ a1 ≤ a2 ≤ · · · ≤ am be a sequence of integers with ai ≤ νj(ui) for
all i and ai − ai−1 ≤ νj(ui)− νj(ui−1) for i = 2, . . . ,m, and let J be the monomial ideal with G(J) = {v1, . . . , vm}, where
νk(vi) =
{
νk(ui), if k 6= j,
ai, if k = j.
Then J is Cohen–Macaulay.
Proof. Without loss of generality we may assume that j = 1. We set bi = ν1(ui) for i = 1, . . . ,m. Then ui = xbi1 vi, and x1
does not divide the monomial vi. We prove the assertion by induction on bm − am. If bm − am = 0, then ai = bi for all i, and
the assertion is trivial. Now assume that bm − am > 0, and let t be the smallest integer such that bt − at > 0. Polarizing the
first variable we obtain an L′ with G(L′) = {u′1, . . . , u′m}, where u′i = x11 · · · x1bivi for i = 1, . . . ,m.
Substituting for j = at + 1, . . . , b1 the variable x1j by 1, we obtain a monomial ideal
L′′ ⊂ K [x11, . . . , x1at , x1bt+1, . . . , x1bm , x2, . . . , xn]
with G(L′′) = {u′′1, . . . , u′′m} where u′′i = x11 · · · x1at x1bt+1 · · · x1bmvi. The ideal L′′ is, up to a flat extension, the localization of
L′ with respect to variables x1at+1, . . . , x1bt . Since the Cohen–Macaulay property under partial polarization and localization
is preserved, we see that L′′ is Cohen–Macaulay.
Now we observe that L′′ may be obtained by polarizing the first variable of the ideal L∗ = (xb′11 v1, . . . , xb
′
m
1 vm), where
b′i =
{
bi = ai, for i < t,
bi − (bt − at) for i ≥ t .
Since L′′ is Cohen–Macaulay, it follows that L∗ is Cohen–Macaulay as well, and since L∗ satisfies all conditions of the lemma
with b′m − am < bm − am, we may apply our induction hypothesis to obtain the desired conclusion. 
Now we come to the main result of this section which is an immediate consequence of Lemmas 2.2 and 2.3.
Theorem 2.4. Let I ⊂ S be a squarefree Cohen–Macaulay monomial ideal with G(I) = {u1, . . . , um}. The following conditions
are equivalent:
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(a) I admits infinitely many nontrivial Cohen–Macaulay modifications.
(b) I admits one nontrivial Cohen–Macaulay modification.
(c) Let Gj(I) be the set of monomials of G(I) which are divisible by xj. Then for some j = 1, . . . , n and some proper non-empty
subset U ⊂ Gj(I), the monomial ideal J = (v1, . . . vm) with
v` =
{
u`, if u` 6∈ U,
xju`, if u` ∈ U
is Cohen–Macaulay.
Proof. (a)⇒ (b) is trivial and (c)⇒ (a) follows from Lemma 2.2.
(b)⇒ (c): Let L = (v1, . . . , vm) be the nontrivial Cohen–Macaulay modification of I . Then there exists an integer j such
that Gj(L) contains two monomials ur , us with νj(ur) > νj(us) > 0. Let k 6= j with ρk(L) 6= 0. Applying Lemma 2.3 for
the index k with ai = 1 whenever νk(vi) > 0, we obtain an ideal L′ = (v′1, . . . , v′m) which is again a Cohen–Macaulay
modification of I with νk(v′i) = νk(ui) for all i. Applying Lemma 2.3 similarly for all k 6= j, we may assume without loss of
generality that for L itself we have νk(vi) = νk(ui) for all i and all k 6= j.
After a relabeling of the generators of Lwe may assume that
0 = νj(v1) = · · · = νj(vi) < νj(vi+1) ≤ · · · ≤ νj(v`) < νj(v`+1) ≤ · · · ≤ νj(vm).
Applying Lemma 2.3 to the ideal Lwith respect to the sequence
at =
{0, if t ≤ i,
1, if i < t ≤ `,
2, if ` > t
yields the desired Cohen–Macaulay ideal J . 
Allmodifications of amonomial complete intersection ideal are trivial. The next example shows that a squarefree Cohen–
Macaulay monomial ideal with nontrivial modifications may have only trivial Cohen–Macaulay modifications.
Example 2.5. Weuse Theorem2.4 to show that the Stanley–Reisner ideal associatedwith triangulation of the real projective
plane,
I = (x1x2x4, x1x2x6, x1x3x5, x1x3x4, x1x5x6, x2x4x5, x2x3x6, x2x3x5, x3x4x6, x4x5x6)
in the ring S = k[x1, x2, x3, x4, x5, x6] has only trivial Cohen–Macaulay modifications.
We refer to the notations introduced in Theorem 2.4 and consider the set, G1(I) = {x1x2x4, x1x2x6, x1x3x4, x1x3x5,
x1x5x6}. There are 30 non-empty proper subsets of G1(I) and for each proper non-empty subset U ⊂ G1(I), the ideal
J = (v1, . . . , vm)with
v` =
{
u`, if u` 6∈ U,
x1u`, if u` ∈ U
is not Cohen–Macaulay. This can easily be verified by using CoCoA [7]. The same can be shown for all Gj(I) with j =
2, 3, 4, 5, 6. Hence by Theorem 2.4, I has only trivial Cohen–Macaulay modifications.
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